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SECTION I

INTRODUCTION

The release of certain chemical species into the upper atmosphere
results in luminous clouds that display the resonance electronic-vibrational-
rotation spectrum of the released species. Such spectra are seen in rocket
releases of chemicals for upper atmospheric studies and upon reentry into
the atmosphere of artifical satellites and missiles. Of particular interest
in this connection is the observed spectra of certain metallic oxides and
air diatomic species. From band intensity distribution of the spectra, and
knowledge of the f-values for electronic and vibrational transitions, the
local conditions of the atmosphere can be determined (Ref. 1).

Present theoretical efforts which are directed toward a more complete
and realistic analysis of the transport equations governing atmospheric
relaxation and the propagation of’ artificial disturbances require detailed
information of thermal opacities and LWIR absorption in regions of tempera-
ture and pressure where molecular effects are important (Ref’s. 2 and 3) .
Although various experimental techniques have been employed for both atomic
and molecular systems, theoretical studies have been largely confined to an
analysis of the properties (bound-bound , bound-free and free-free) of atomic
systems (Ref’s. 1~ and 5). This has been due in large part to the unavail-
ability of reliable wavefunctions for diatomic molecular systems, and particu-
larly for excited states or states of open-shell structures. More recently,
(Refs . 6-9) reliable theoretical procedures have been prescribed for such
systems which have resulted in the development of practical computational
programs.

The theoretical analysis of atmospheric reactions requires the knowl-
edge of the electronic structure of atoms , ions and small molecular clusters
of nitrogen and oxygen and the interaction of water or other small molecules
with these clusters. Knowledge of the chemistry of metal oxide species,
which might be present in a contaminated atmosphere , is also desired.
Because of the computational complexity for systems with large numbers of
electrons , traditional ab initio theoretical methods are difficult and
expensive to apply. However, ab initio computational programs based on
Slater-type orbitals and incorporating both SCF and configuration interac-
tion analysis have been developed and are available for studies to chemical
accuracy for systems such as °2’ N2, NO and their corresponding molecular
ions.
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Based on experience gathered through detailed calculations for N2, 02,
NO and many metal oxide systems , a research program was undertaken to
theoretically analyze the low-lying excited molecular states of the N0~ ion
and to calculate transition probabilities for the strongest band systems and
for the vibrs.tional-rotational system of the ground state of this ion. The
calculated data are presented herein in both transition operator and f-number
form to facil itate their use in spectroscop ic comparison s and as a basis for
co llisional studies of the N~ ÷ 0 system.

The general composition of this report is as follows. In Section II,
we present a review of the current status of quantum mechanical calculations
for molecular systems. This is followed by Section III which deals with a
description of the mathematical methods which were employed in this research.
Included in Section III are subsections which deal with the construction of
electronic wavefunctions, the calculations of expectation properties, and the
evaluation of molecular transition probabilities. The calculated results
and pertinent discussions are presented in Section IV.

I
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SECTION II

CURRENT ST.ATUS OF QUANTUM MECHANICAL
METHODS FOR D IATOMIC SYSTEMS

The application of quantum mechanical methods to the prediction of
electronic structure has yielded much detailed information about atomic and
molecular properties (Ref. 7).  Particularly in the past few years, the
availability of high-speed computers with large stora ge capacit ies has made
it possible to examine both atomic and molecular systems using sri ab initio
approach, wherein no empirical parameters are employed (Ref. 10). Ab initio
calculations for diatomic molecules employ a Hamiltonian based on the non-
relativistic electr static interaction of the nuclei and electrons, and a
wavefunction formed by antisymmetrizing a suitable many-electron function of
spatial and spin coordinates. For most applications it is also necessary
that the wavefunction represent a particular spin eigenstate and that it
have appropriate geometrical symmetry . Nearly all the calculat ions
performed to dat e are based on the use of one-electron orbitals and are of
two types: Hartree-Fock or configuration interact ion (Ref. 8).

Hartree-Fock calculations are based on a single ass ignment of elect rons
to spatial orbital s, following which the spatial orbitals are optimized ,
usually subject to certain restrictions. Almost all Hartree-Fock calcula-
tions have been subject to the assumption that the diatomic spatial
orb itals are all doubly occup ied, as nearly as possible, arid are all of
definite geometrical symmetry . These restrictions define the conventional,
or restricted, Hartree-Fock (RHF ) method (Ref’s . 11 and 12). RHF calcula-
tions can be made with relatively large Slater-typ e orbital (sTo ) basis sets
for diatomic molecules with first or second-row atoms, and the results are
convergent in the sense that they are insens it ive to basis enlar gement .
The RHF model is adequate to give a qualitatively correct description of
the electron interaction in many systems, and in favorable cases can yield
equilibr ium inte ratom ic separat ions and force con stants. Howev er , the
double-occupancy restriction makes the RHF method inappropriate in a number
of circumstances of practical interest . In particular, it cannot pro~. de
potential curves for molecules dissociating into odd-electron atoms (e.g.,
NO at large internuclear separation), or into atoms having less electron
pairing than the original molecule ~e.g., 02 

3Eg -. O( 3P ) ] ; it cannot
handle excited states having unpaired electrons (e .g .,  the stat e of 02
responsible for the Schumann-Runge bands) ;  and , in general , it gives
misleading results for molecules in which the extent of electron correl ation
changes with internuclear separation .

Configuration-interaction (CI) methods have the capability of avoiding
the limitations of’ the BlIP calculations . If configurations not restricted
to doubly-occupied orb ita.ls are included , a CI can , in principle , converge

3 
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to an exact wavefunction for the customary Haxniltonian. However, many CI
calculations have in fact been based on a restriction to doubly-occupied
orbitals and therefore retain many of the disadvantages of the RIIF method
(Ref. 8). The use of’ general CI formulations involves three considerations,
all of which have been satisfactorily investigated : the choice of basis
orbitals, the choice of configurations (sets of orbital assignments), and
the specific calculations needed to make wavefunctions describing pure spin
states (Ref. 6). The first consideration is the art associated with quantum
mechanical electronic structure calculations. Many methods (iterative NSO,
perturbat ion select ion, f irst order CI , etc.) have been advocated for the
optimum choice of configurations . There are no firm rules at present and
the optimum choice is a strong function of the insight of the particular
research invest igator . The last considerat ion, proper spin and symmetry
pro ject ion, has proved difficult to implement, but computer programs have
been developed for linear projection algebra at this Center, and the CI
method has been found of demonstrable value in handling excited states and
dissociation processes which cannot be treated with REF techniques.

Either of the above described methods for ab initio calculations
reduces in pract ice to a ser ies of steps , the most important of which are
the evaluation of molecular integrals, the construction of matrix element s
of the Hamiltonian, and the optimization of molecular orbitals (BlIP) or
conf igur ation coeff ic ients (cx) .  For diatom ic molecules , these steps are all
comparable in their computing time, so that a point has been reached where
there is no longer any one bottleneck determining computation speed. In
sho rt , the integral evaluation involves the use of ellipsoidal coordinates
and the introduction of’ the Neumann expansion for the interelectronic
repulsion potential (Ref.13); the matrix element construction depends upon
an analysis of the algebra of spin eigenfunctions (Ref. 14); and the orbital
or configuration optimization can be carried out by eigenvalue techniques
(Refs. 15, 16). All the steps have by now become relatively standard, and
can be performed efficiently on a computer having 32,000 to 65,000 words
of’ core storage, a cycle t ime in the microseco nd range , and several hundred
thousand words of peripheral storage.

Both the RI-IF and CI methods yield electronic wavef’unctions and energies
as a function of the internuclear separation, the RHF method fo r one state ,
arid the CI method for all states considered . The electronic energies can
be regarded as potential curves, from which may be deduced equilibrium
internuclear separat ions , dissoc iat ion energies , and constant s descr ibing
vibrat ional and rot ational motion (including ariharmonic and rotation-
vibration effects). It is also possible to solve the Schrödinger equation
for the motion of the nuclei subject to the potential curves, to obtain
vibrational wavefunctions for use in transition probability calculations.
The electronic wavefunctions themselves can be used to estimate dipole
moments of individual electronic states, t rans it ion moments betwee n

14 
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different electronic states , and other properties . VThil e all of the
calculations described in this p Lragraph have been carried out on some
systems , the unavailability of good electronic wavefwictions and potential
curves has limited actual studies of most of these properties to a very
small number of molecules .

A few studies illustrating the scop e of the current work in this field
are cited. Exhaustive RHF’ calculations have been reported for first and
second-row hydrides (Ref’s . 11 and 18) for most first-row diatonic molecules
(Ref. 19), and for many other molecules containing second-row atoms (Ref.
20). Configuration-interaction calculations restricted to double occupancy
are illustrated by the work of Das and Wahi on Li2 and F2 (Ref’s . 8 and 21).
They determined an optimum choice of orb itals for a small number of’ config-
urations designed to permit proper description of the dissociation products,
and obtained highly satisfactory potential curves. Davidson (Refs. 22 and
2 3 )  has carried out doubly occupied CI studies with very large numbers of
configurations to gain more insight into the description of correlation
energy . The largest of the CI studies not restricted to doubly occupied
orbitals have been carried out at UTRC. The 62 states of °2 dissociating
into low-lying atomic oxygen states have been described in a qualitatively
consistent manner (Ref. 214). Many of these states involve several unpaired
electrons , and the sur.cess of the treatment depended critically upon the
incl usion of all types of pertinent conf igurati ons and upon proper handling
of the spin. Similar work on the 102 low-lying N

2 
states has now been

completed (Ref. 25). In striking contrast to the recent progress in
obtaining electronic energies and wavefunctions, rather few calculations
of electronic transition moments have been attempted. Among the few studies
in this area is the work of Michels on He H~ (Ref. 26) and of Henneker and
Popkie (Ref. 21) on diatomic hydrides using Hartree-Fock wavefunctions.
More recently a theoretical program for calculating band strengths for the
systemsN2 (1 Ps), 02 (SB), and NO (~) has been carried out. The results
of this program indicate that reliable band strengths (10 to 25 percent )
can be cal culated, provided a CI approach is employed (Ref. 28). Similar
work has been performed for band-to-ha.id transiti~’n probabilities for the
systems LI0, PlO , FeO , tflD , UO~ and TiO (Ref. 29 ).

5

L L  
- - -~~~~~~ --‘~~.- . --  



SECTION III

METHOD OF APPROACH

A. Electronic Structure J
A spin—free nonrelativistic Hamiltonian is employed in the Born—Oppenheimer

approximation. In systems containing atoms as heavy as N or 0, this approxi—
mation is quite good for low—lying molecular states. For a diatomic molecule 

- 

-

containing n electrons, the approximation leads to an electronic Hamiltouian
depending parametrically on the internuclear separation B:

~1/ ( R ) : - -~- ~~~~~~~~ ~~~~~~~~~~~~ + 
Z~~Z B 

+ 
(1) 

—

1A ~~:t 8

where ZA and ZB are the charges of nuclei A and B , and n A is the separation
of electron i , and nucleus A. The Hamiltonian H is in at omi c units (energy in
Hartrees , length in Bohrs) .

Electronic vavef’tmction s , ~i(R ) , are made to be optimum approximations
to solutions of the Schrodinger equation

~~~~~~~~~~~~~~~~~~~~ (2)

by invoking the variational principle

8 w ( R ) ~~8 
f~~~(R)J (R)’ p(R)d r (3 )

f~” (R)’4 ’ (R)d r

The integrations in Eq. (3)  are over all e’ectronic coordinates and the
stationary values of w(R) are approximations to the energies of states des-
cribed by the corresponding *Ji(R). States of a particular sy2luuetry are studied
by restricting the electronic wavefunction to be a projection of the appro-
priate angular momentum arid spin operators. Excited electronic states corres—
pondirig to a particular symmetry are handled by construction of configuration
interaction wavefunctions of appropriate size and form.

6
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The specific form for ~ji(R) may be written

~~~~~~~~~~ 
‘.? ~~~~~ 

)
~~~~~~~ C~~~~~tri~

~1.

-: where each 4s~ (R)  is referred to as a configuration, and has the general
structure

‘4’~~R)~~4C 5 fl
~~
’,.~j (L j , R)8M

where each is a spatial orbital, 4is the aritisymmetrizing operator,
is the spin—projection operator for spin quantum number S, and is

a product of a and $ one—electron spin functions of magnetic quantum number
M. No requirement is imposed as to the double occupancy of the spatial orbi-
tal, so Eqs. ( 14) and (5) can describe a completely general vavefunction.

In Hartree—Foek calculations ~ is restricted to a single ij i~~whieh is
assumed to consist as nearly as possible of doubly—occupied orbitals. The
orbitals are then selected to be the linear combinations of basis orbi—
tals best satisfying Eq. (3). Writing

1’/.L i~~~~ °i’iX ,,  (6)

The a 1 
are determined by solving the matrix Hartree—Foc? equ ations

~ 
F~~~ O~~~: €

~ E S~~~a~~1 (each X) 
( 7)

where is the orbital energy of

The Fock operator F has been throughly discussed in the literature
(Ref. 31) and depends upon one— and two—electron molecular integrals and upon
the a

~j. 
This makes Eq. (7)  nonlinear and it is therefore solved iteratively.

UTRC has developed programs for solving Eq. (7) for both closed and open—
shell systems, using basis sets consisting of Slater—type atomic orbitals.
Examples of their use are in the literature (Ref. 6).

In configuration interaction calculations, the stmnnation in Eq. ( 1 4 )
has more than one term, and the c~ are determined by imposing Eq. (3 ), to
obtain the secular equation

(eoch /.L) (8)

7
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where H~~, :j ~P~~(R)~~4t (R)~’~ (R) dr

s~ , ~~ (R)’~’~, (R) dr (9)

Equation (7) is solved by matrix diagonalization using either a modified
Givens method (Ref. 15) or a method due to Shavitt (Ref. 16).

The matrix elements 
~~~ 

and S~~ may be reduced by appropriate operator
algebra to the forms

(10 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(U )

where P is a permutation and its parity. The sum is over all permutations.

< O N JC 5 P 1 O M >  Is a “Sanibel coefficient ” and the remaining factors are
spatial integrals which can be factored into one—and two—electron integrals.
If’ the are orthonormal, Eqs . ( 10) and (U) become more tractable and the

an~ S~~ may be evaluated by explicit methods given in the literature
(Ref .  114). Computer programs have been developed for carry ing out this pro-
cedure , and they have been used for problems containing up to 140 total elec-
trons, 10 unpaired electrons, and several thousand configurations.

The CI studies described above can be carried out for any orthonormal
set of for ~hich the molecular integrals can be calcul ated. Programs
developed by UTRC made specific provision for the choice of the lI1p~j aS

Slater—type atomic orbitals, as symmetry mo~~ cul ar orbitals, as Hartree—
Fock orbitals, or as more arbitrary combinations of atomic orbita3.s.

In summary , computer programs have been developed which are capable of
carrying out all the steps needed to make diatomic Hartree—Fock or CI studies
for closed— or open—shell systems, including excited states, based on Slater—
type orbitals. These studies lead to electronic energies and wavefunctions
as a funct ion of the internuclear separat ion .

8
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B. Vibrational and Rotational Properties

For an electronic state described by ~Ji (R) and w(R), the relative motion
of the nuclei is, in the Born—Oppenheimer approximation, subject to a poten-
tial having at internuclear separation R the value w ( R ) .  By considering the
quantum mechanics of the nuclear motion, it is possible from W(R) to calculate
vibrational and rotations], energy levels. It is convenient to report the
vibration—rotation structure in terms of parameters r , D

e~ CüeX ~ 
B~~ a , etc.,

which are also available by standard reduction of exp~rimentaJ. ~ata. S~ch sri
analysis can be routinely carried out for bound electronic states, using a
Dunham analysis computer program which has been deposited in the ~uantuin
Chemistry Program Exchange ( QCPE 113).

From W(R) it is also possible to obtain vibrational wavefunctions by
numerical integration of the radial Schrodinger equation for the nuclear motion .
A computer program which carried out this calculation by the Numerov proce-
dure has been developed. Any W (R) can be handled since the program fit s it by
a spline technique . This program has been used for several years on a variety
of problems; a typical application has been to excitation transfer in colli—
sions of normal arid metast able He at oms (Ref.  30 ) . The input w(~ ) can be
the calculated potential corresponding to the electronic wavefunct ions (B) or
it can be derived using an R}CR procedure (Ref’s. 31 and 32). The input can be

either the basic B(v) arid 0(v) data or the derived experimental spectroscopic
constants based on this data. Programs for implementing the RKR procedure
have been described in the literature (Ref.33).

-- - - - .~~~ -~~~~~- - 
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C. Transition Probabilit ies

The electronic and vibrational—rotational wavetunctions of a pair of
states can be used to calculate transition probabilities. If two molecular
states are separated in energy by an amount 

~
Eum = hcv (h = P].anck’s constant ,

c = velocity of light ,v= frequency in wave numbers), the semiclassical theory
of radiation (Ref’s. 314 and 35)yields for the probability of’ a spontaneous
transition from an upper state n to a lower state m

34 AE~~r~ S~~~ ( 12)
nm 3 Y~

4c~ ~~

Here A is the Einstein coefficient for spontaneous transition from level
n -. m, g is the total degeneracy factor for the upper state

(2— 8~~~~, A’)( 2S’ + I )( 2 J ’+ I) 
( 13)

and S is the total strength of a component line in a specifi c state of
polar~~ation and propagated in a fixed direction. A related quantity is
the mean radiative lifetime of state n defined by

4 nm (i14)
~ m<n

the summation being over all lower levels which offer allowed connections.
The intensity of the emitted radiation is

‘nm i~E nm Nn A n m  (15)

where N is th e number density in the upper state n. This analysis assumes
that al~ degenerate states at the same level n are equally populated, which
wifl be true for isot ropic excitation . The total line strength Sum can be
written as the square of the transition moment summed over all degenerate
components of the molecular states n and in:

2 (16 )
S nm :Z M~1

‘ I i

10 
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where j and i ref er to all quantum numbers associated collect ively with upper
and lover electronic states , respectively .

In the Born-Oppenheimer approximation, assuming the separability of

electronic and nuclear motion, the wavefunct ion ~br a diatanic molecule can be
written as

V’VJM A ~‘~ei (L1 R )
~

Iv (R)~’JMA (O ,x 4 )  (17)

where 
~
‘
~l 

Cr , B) is aix electronic wavefunction for state i at fixed inter-
nuclear separation B, q, (B) is a vibrational wavefunction for level v and
‘
~JnA (8 , X ,~~) refers t~ the rotational state specified by electronic angular
momentum A , total angular momentum J and magnetic quantum number M. The rep-

— resentation is in a coordinate system related to a space—fixed system by the

Eulerian angles (0 , X ,4 ’) .  The transit ion moment M can be written , using
the wavefunction given by Eq. ( ii) , as

M 1~ f *~~J 1 A M  { M e +M n}~
, i ,,A,, ii dT e dT v dT , (i8)

The subscripts e, v and r refer to the electronic, vibrat i onal and rot at ional
wavefunctions and Me and are the electronic and nuclear electric dipole
moment s, respectively. Integration over the electronic wavefunction, in the
Born—Oppenheimer approximation, causes the contribution of the nuclear moment

to vanish for ~ = j. The electronic dipole moment can be written (Ref’s .

35 and 36)in the form

M e :_ Z e r 1
~~_ { ~~ e r } ~~~(9 X~~~) (19 ”

where the primed coordinates refer to the space f ixed system, the coordinates

r
k 
refer to a molecule—fixed system and 2~

(0 ,X4~) is a group rotation ten-
sor whose elements are the direction cos ines related to the Eulerian rotat ion
angles (8,x4) . Using bracket notat ion , EqS. (18) and (19 ) can be combined
to yield for the transition- -moment

N~~= = <V ’
~
-
~~ 

er ~~ iV> s
~~~

’ A’ Mh 1
~~ ~~~~~ 

J
N

A”M’> 
(20)
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The matrix element s -<J’  A ’  M ’ J 2> ( 8 , x ,4~) I J” A ”  M”>determine the ~~oup selec—
tion rules for an allowed transition and have been evaluated for many types of
transitions (Ref’s . 37, 3E~ and 39) Sussning Eq. (20) over the degenerate mag-
netic quantum numbers M’ and M” we have from Eq. (16)

n v ’j ’A’ ,,j ’A’ f l y ’$ nm = S mv sij ss A” ~~J ll AU 
~mv ” (21)

where ~g J” A ’  is the Honl—London factor(Refs. 14o and 141) and
J” A ”

p 
~~~~~

‘,, =

~~~ 
<v

’ —! er k v> 
2 (22)

is the band strength for the transition. Combining Eqs. (13), (15) and (21),
we have for the intensity of a single emitting line from upper level ñ:

ç i~nv ’J’ 4 1~~E mv ” j ’j S~~v W,j 11~~1
1nm ~ my”.,” ‘5j~ N.,i (23)

h4 c 3
~~ (2J +1)

where N “ is the number density in the upper rotational state J’ and cu =

(2s ’ + 1) is the electronic degeneracy. Taking an average vague of
E~ “

~ for the whole band , Eq. ( 23) can be s~.mmied to yield the total inten-
sity in the (v ’ ,v” ) band:

r ,~~4 ,‘I— nv I flV

1nV “ c’ n~ ’~’ 4 , ~AE~~y sij Pmy ” (214)my ” “/-
~
,, mv ” J” - 3 V

where N ‘ = ~~~, N ,~., is the total number density in the upper vibrational level
v ’ and ~here we make use of the group sussnation property

,, SJ dA.’ = (ZJ  +~ ) (2 5)

12



~~~
‘
~~ :‘ TJ~~~

Comparing Eq. (15) and (214), we have for the Einstein spontaneous transition
coefficient of the band (v ’,v”)

~ y 1 
4 [~~E~~~

’.]3P~~ ” (26)
A my ’S 3 ?~

4C 3W~

Similarly, the lifetime of an upper vibrational level v’ of stat e n can be
written

-~~~— -Z ~~~~~ A~~~~~~~u (27 )
m n  V

where the summation runs over all v” for each lower stat e in . Equat ion (26 )

can be cast in the computational form

A~~~u (seC~~) 
(21.4I759 x Io9) 

[t ~E~~j’n (au. )] p
~~ ” (au. ) 

(28 )

where ~~~ :t and p~ ~~~~ are in atomic units. It is also often convenient to

relate the transition probability to the number of dispersion electrons needed
to explain the emission strength classically . This number , the f—number or
oscillator strength for emission, is given by

N mc 3 h 2 
~V ’ 2f nm , V V  = 

2 1” flV ’ 12  A my ” 9
2e [A E~~y ”J

The inverse process of absorption is related to the above development
through the Einstein B coefficient . Corresponding to Eq. (15), we have for a
single line in absorpt ion

‘mn f 
N 

X(v) dp hv mn N m B mn (30 )
Isne (V V J j

where K(v ) is the absorption coefficient of a beam of photons of frequs.icy
and

nv ’j ’A ’
nv ’J ’A ’ 2w S mv ”j’~” (31)

B mn : Bmv”jA ”  3t~
2c wm (2J ”+I)
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is the Einstein absorpt ion eo~fficient for a single line. St~mning over all

lines in the band Cv”, v’) ,  assuming an average band frequency, we obtain

Inv N — nt ,1
my 2w fly’ E

I~~Ax 
:N~~

,l 
3V% 2Cw m ~m~’ 

A my ” (32)

where N “ = ~~~,, N ,, is the total number density in the lower vibrational state
v” . Co~ responding to Eqs . (28) and (29) we can define an f—number or oscil—
lator st rength for absorption as

2m~~E~~1” fl y ’ (
~ 3)

mn ,v v  = 2 2 Pmv ”31i ew m

In computational form, Eq. (33) becomes

,~ 
2 ~

‘
~~~~ u(0.U.) nV ’ ( 314- )

~mn ,v v’ W m Pmv ” (au.)

where AE~ 
~~~
, and i~ 

are in atomic units. Combining Eqs. (26 ) and (29) and

comparing with Eq. ( 33) ,  we see that the absorption and emission f—numbers are
related by

~mn ,v ” v ’ = 

~~~~~ 
tnm ,v’ v” (35)

Some caution must be observed in the use of f—n umbers given either by Eq. (29 ) )
or (33) since both band f-numbers and system f—numbers are defined in the lit —
erature . The -on fusiori artses from the several possible band averaging schemes
that can be identified.

An integrated absorption coefficient (density corrected) can be defined
from Eq. (32) as

sv~v
s:* I ~

# N v ll 8 v1:v~ (
I— e x p ~~~~~~~’) 

hv v~~ (36 )
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where the exponential factor corrects for stimulated emission. Equation (36 )
can be written in terms of the absorption f—number as

2 N ,~ 
_ h C z lv i v l \

Sv”,v ’ = 
~~~~~~~~~~ 

—
~~~~~ ( i —  ex p — 

kT ) ~mn ,v ” v ’ (37 )

Using hvc/k = 1.143880 cm—K°, we obtain a computational formula for the
integrated absorption coefficient as 8v” v’ 

(cm 2 
. atm”~~) =

S v ’~v ’ ( cm 2 a tm ” ’ )

2.3795 x ~o
7 (2 )~~~~~ (f”) ( i — e x ~ 

I.43880~~~” v ’~~m ’) ) f mn ,v” v’ 

(38 )

The total integrated absorption is found from

S TOT A L~~Z ~ S.~1’ v ’ 
(39 )

where , under normal t emperature conditions , only the first few fun dament al s
and overtones contribut e to the summations.

The development s given above are rigorous for band systems where an
average band frequency can be meaningfully defined. Further approximations ,
however , are often made. For example , the electronic component of the dipole
transition moment can be defined as

(140 )

This quantity is often a slowly varying funct i on of B and an average value can
sometimes be chosen. Equation (22) can then be written approximately in fac-
tored fern as

P~~” ~~~~~~~~~ (~4l )

where q , 
,,, the square of the vibrational overlap integral, is called the

Franck—&n~ori factor. 
~ 

is evaluated at some mean value of the inter-

nuclear separation B. It1i addition , it is sometimes pos sible to account for a
weak R-dependence in ~~ by a Taylor series expansion of this quantity about
some reference value , Q ~~8, usually referred to the (0 ,0) band. We have

15
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(42 )

Substituting into Eq. (22 ) and integrating yields

~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (143 )

where

- <V I(R af3) I >  (4~4 )(R ~ v an) - Kv’ Iv ”>

is the R—centroid for the transition and

R ) 2 <vhI ( R_ R a~~ IV> (145 )(R v iv l’ a/3 - 

Kv’ I v’>

is the R2—centroid. Note that this last erm differs (to second order ) from
the square of the R—centroid. An alternate procedure can be developed by
evaluating Eq. (140 ) at each B—centroid , ~~ ~~~~~ 

Then

fly ’ 2
Pmv ” ~ q~~~~

’
~~~~”E Rj j ( R v’v”)I (146 )

Equation (46 ) assumes that the vibrational waveftuiction product q ,, behaves
like a delt a function upon integration , V v

*v ’ *v ” 8 (R~ ~v ’ v ” ) 4~” J V ’> (147 )
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The range of validity of Eq. ( 46) is therefore questionable, particularly for
band systems with bad overlap conditions such as oxygen Schumann—Runge . The
range of validity of the R-centroid approximation has been examined by Prazer
(Ref.  42 ) .

The final step in calculating transition probabilit ies is the determination
of lQ~i

( R ) ,  the electronic dipole transition moment , for the entire range of
inte~nuclear separations , B , reached in the vibrational levels to be consid-
ered. This can be expressed in terms of the expansion of Eq. ( 4 )  as

(4 8)

where c~j~ and ci are coefficients for and q, 1, respectively.

An analysis similar to that yielding Eqs. (io ) and (U) gives

=

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

( 149)

The spatial integral in Eq. (4 9) reduces to one—electron integrals equivalent
to overlap integrals, and the evaluation of Eq. (4 9) can be carried out by the
same computer programs used for Eq. (11). Programs for evaluating /2 . (R ) in
Eq. ( 48) have been developed at UTRC and examples of their appl icat i~~
have appeared in the literature (Ref .  26) .

For perturbed electronic systems, the transition dipole moment will have
a strong R—dependence and R—centro id or other approximations will be invalid.
A direct evaluation of Eq. (22) would therefore be required using the fully—
coupled system of elect ronic and vibrational vave function s to properly account
for the source of the band perturbat ions. 
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SECTION IV

DISCUSSION OF RESULTS

The absorption coefficient for the NO~ fundamental vibration-rotation
band has recently been measured by Bien , et al. (Ref .  43) . The reported
integrated value is 1140 cm”2 atm~~- in conflict with previous experimental
estimates of 500 cm’2 atm~~ (Ref. 44) and a recent theoretical value of 89
cm 2 atm~ - (Ref. 145). Since the dominant atmospheric molecular ion above
100 km is NO+, its radiation characteristics and interactions with electrons
and other atomic and molecular species are of primary importance in under-
scanding the detailed chemistry of the atmosphere. Relatively little is
known about the excited electronic statec~ of the NO

+ ion. Accurate potential
curves are available for the ground state and for the A ’-fl and a
excited states of NO~ (Ref. 46). Gilmore also gives some experimental esti-
metes of other excited states of NO+. More recently Thulstrup, e-t al.
(Refs. 147 and 148) have assigned additional excited states of NO~ based on
photoelectron spectrum. A summary of these data is shown in Fig. 1. A
correlation diagram for some of the law-lying valence excit ed states of
NO~ is shown in Table I .  In addition to these valence excited states
there exist s a large manifold of Rydberg states to the N~(3P )+  o~(~s)
limit . The energies of the dissociation limits of the low-lying elec-
tronic states of NO~ are shown in Table 2. It is obvious that only a
smafl fraction of the low-lying excited states for this syst em have
been experimentally investigated.

Few theoretical studies have been carried out for the excited states
of this system. Lefebvre-Brion ~.nd Moser (Ref S. 149 and 50) have studied
the lowest-lying 1T1 and 3fl states in an SCF framework . More recently,
Thulstrup and Ohm (Refs 47 and 148) have examined low-lying singlet and trip-
let states of ~~~~~, Z ” , rr and ~ symmetry. Their studies excluded higher spin
and angular momentum states which may be important in perturbation analysis.
Also, their calculations for ~17, ~i and symmetries were truncated in
expansion length owing to their computer program limitations. Their pre-
dicted locations for these states are not in good agreement with the best
experimental estimates.

A complete and quantitatively uniform ab initio CI study of all the low-
lying valence states of NO+ was carried out as part of the research conducted
under this program. This study was similar to that carried out for the 102
low-lying valence states of the nitrogen molecule (Ref. 25). Many of the

18
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states are similar since NO~ is isoelectronic with N2. Empirically adjusted
potential energy curves, based on both the ab initio calculations and the
available experimental spectroscopic data, have been derived and studies of
the radiation characteristics of the strongest electronic transitions have
been carried out.

Figures 2-17 illustrates the low-lying valence state potential energy
curves for the NO+ system. These curves have been calculated using a full
CI within a minimum STO basis. The configuration sizes and number of states
calculated are shown in Table 3.

These calculations have the property of correct dissociation to atomic
limits and , as previously found for the N2 system , a gradual and uniformly
increasing correlation error with decreasing internuclear separation. This
error arises from inadequacy of the basis set to fully describe polarization
effects between the core and valence electrons. This error is quantitatively
similar for the excited low-lying states of a given symmet ry and our calculated
potent ial curves have therefore been empirically adjusted to yield agreement
with RKR curves constructed from the limited known specroscopic data. This
empirical adjustment takes the form:

~E(R) = E(R)calc. - E ( R ) exp.

We find that AE is a strongly increasing function of H for short internu-
clear separations but is nearly independent of the spin state and only
weakly dependent of the angular momentum of the excited states. Thus a
nearly universal correction curve (error .2 eV) exists for most of the NO+

system of valence excited states.

Our summary of known experiment al spectroscopic data for the low-lying
bound valence states of NO + is given in Table 14. The corresponding potential
curves are given in Fig. 1. The most interesting curves from the standpoint
of the charge transfer reaction are those of’ and 5rr symmet ry . An avoidel
crossing between 5Z~ I and 5~~ II is apparent and this could be the most - -

important charge transfer channel . Another observation is that the ST I
state connecting with N+ + 0 crosses the 5~~ I connecting to N + 0+ at or
near the dissociation limit of N + 

+ 0. This means that a large low-energy
(c .~5 eV) cross-section may be found for this reaction . Further studies of
these symm etries are indicated.

19 
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We have carried out an analysis of the vibrational-rotational radiation!
absorption characteristics for the ground X 3’E~ stat e of N0~. Calculated

oscillator strengths for the vibrational-rotational system are given in

Table 5. The corresponding calculated Einstein coefficients are given in
Table 6. These are based on the calculat ed dipole moment function . This
function is similar to that given by Billingsley (Ref. 145) but exhibits a
somewhat steeper slope near the equilibrium separat ion of the ion . The
long range behavior of the dipole moment function for N ÷ 0~ can be writt en
as

R
~~~ + - 16 z c.m.

R-.~~
where

1 
MN

z c.m . - 

MN 
+ M0

1 R

therefore,

-. -.0311933 R
R-.~~

Here the dipole moment is defined ~e1ative to a center-of-mass coordinate

system and we note that ~i.(R) is not gauge-invariant 
for an ionized system.

This dipole moment functions yields somewhat higher integrated band

absorption coefficients than those reported by Biflingsley. Our calculated

value for the fundamental band is 168 cm”2 atm~~ which can be 
compared with

an experimental lower bound (> 1140 cm’~
2 atm’~~) as reported by Bien et al.

(Ref. 143). A complete summary of the calculated integrated absorption
coefficients is given in Table 7.

++ ‘ . . .
The NO syst em is illustrat ed in Fig . 18 using the data of Thuistrup ,

et a].. (Ref. 148) . A correlation diagram for the low-lying valence excited
states of NO~~ is shown in Table 8. The energies 

of’ the dissociation

limits of the law-lying electronic states of N0~~~ are shown in Table 9.
The configuration sizes of’ the symm etries for NO are presented in Table 10.

20
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These studies of the electronic structure of NO
+ have included calcula-

tions of the potential energy curves to large internuclear separations where

the adiabatic atomic connections can be made. These curves thus constitute

a necessary data base for describing the charge exchange reaction:

+ 0 -, N + 0~

This reaction is of significant concern in the overall DNA chemistry pro-

gram of atmospheric modeling. The low energy (< 5 eV) cross_section for
this reaction is extremely difficult to obtain experimentally and the pre-

sent studies should establibh the background information needed for a theo-

retical description of this reaction. Such a program would be a natural

follow-on to the present research program.

21—
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TABLE 1

L(M-MING MOLECULAR STATE OF N0~ MID ~ iEIR
DISSOCIATION LINITS

Dissociation Limit Molecular States
(Calculated Order)

N(
14
S
~
) + 

~~~~~~~~~~~~~~~~ ~t~(i) 
3
z~ (i), ~:~ (i), 7E~(1)

N~(
3Pg) + O(3P

g) 
1
E~(2), 

3
E~(2), 

5E~(2),

E (l) 
3
E (l), 

5
E (i),

1
~ (2) 

3
~ (2) , ~~(2),

~~~~~~ ~~ (i) ,  5~(~)

N(
2
D )  + o~

(14s~ ) 3E~ (l ),  5z~~(i ),  ~~ (i ) ,

5
~(l), 

3~(~ ), 5~(~ )

N (
14

S~ ) -‘ o~~(
2D )  ~~~~~~~ 

5z~~(i) ,  3
~ (i) ,

~~ (i) ,  ~~ (i) ,  ~~ (i)

N( 2P )  + o~~~S~ ) ~E (i), ~~~(i), ~fl( 1),
5rr(l )

N~ (lDg) + O(3Pg) 
3E~(l), ~E (2), 3~ (3),

~~(2) , ~~(i)

N (~~s~~) + o?P~) ~z (l), 5E (1),
3
~(i), 5~ (~ )
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TABLE 1 (Cont’d)

- LOW-LYING MOLECULAR STATE OF NO~ AI’~D THEIR
- DISSOCIATION LBvflTS

Dissociation Limit Molecular States
(Calculated Order )

- N+(
3
P
g
) + O(lDg) 

3E~(l) ~E (2), ~I1(3),

~~(2), 
3~(~ ) - -

- N~ (1S
g

) + O(3P
g) ~E(i), ~n(i )

- N(
2
Du) + o

~~
(
2

D
~~) 

l~+(3) 
3
E~ (3) 1

E
_
(2),

- - ~~~(2), ‘rr( 14), 3~ ( 14) ,

~~ (3) , 3~ (3) , l~ (2)

I ~~(2) , 1F(1) ,  3F(l)
- 

N~(
1
D
g) 

+ O(
1
D
g

) E~ (3) , 1E ( 2) , 1
n(~~)

- l~ (3) 1
~ (2) 

1
r(1)

N~(
3
P
g
) + O(lS

g) 
3
E (i), ~ii(i)

I
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TABLE 2

ENERGIES OF NITROGEN MID OXYGEN ATOMIC AND IONIC STATES REPRESENTING
DISSOCIATION LIMIT S OF LOW—LYING NO~ STATES

Atomic and
Ionic States
(Exper imental Energy Relative

order) Total Energy (llartrees) to ~S1~ + 
~~~~~~~~ 

(eV)

Calc. Exp.

N(14S
~
) + o’

~
’(1
~
S
~
) -128.14.2277 0.000 0.000

N 4-(3Pg) + O(3Pg) -128.31777 2.857 0.916

N(2D
~
) + o

~~(~ s~~) -128.30317 3.255 2.383

N~(
1Dg) + O(3Pg) 128.238O14 5.027 2.815

If4-(3Pg) + O(1Dg) -128.22386 5.1413 2.883

N(14Su) + o4-(2D~
) -128.28190 3.833 3.325

N(
2
P
~
) -F O 4-(~5 )  -128.26192 14.377 3.57~

N~(~~g) + O(1Dg) 128.1141412 7.583 14.782

N~(
1Sg) + O(3Pg) -128.171437 6.759 14.968

N(143u) + o
~~(

2P~~) -128.22932 5.2614 5.016

N~(
3Pg) + 0(1Sg) -128.iI.i.286 7.617 5.105

N(2D
~
) + O

~
(2D

~
) -128.16229 7.088 5.708

1L. .~~~~~~~ 
_
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TABLE 3

CONFIGURATION SIZES AND NIJTvIBER OF STATES FOR
VCI CALCULATIONS OF VARIOUS SYIvIMETRIES FOR NO~

Symmetry No. Cfgs No. of States
(full CI) (to and including

N~
3P ~~ Q 15

dissgciation~1imit)

1
~ 296 9 (+), 5 (-)

~~1 392 10 (+), 11 (-)
5: 126 5 (+), 3 (-)

10 1 (+)
111 2140 10

328 18
5r 1 96 7
7ri 8 -*

1142 7
3~ 170 10
5t~ 14-3 3
7A 1 -**

148 14
3~ 56 ‘4

5~ 8
10 2

3r 6 1

* First state dissoc iates to a high limit N
~

(5S
~) + O(3Pg)

** First state dissociates to a high limit N(’4P ) + o~(
’4P )

~~~ First state dissociates to a high limit N~
(3
~~
) + 0 (i~g)

U
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TABLE 5

Calculated Oscillator Strengths Cf ,, ) for
the Vibrational-Rotational TransitYoX of

NO~ Cx 1E~ - x l~+)

v ’/v” 0 3. 2 3 14 5
0
1 7.072—06
2 6.163—08 1.1408~05
3 1.936—09 1.828—07 2.100—0 5
14 1.293—10 6.7114—09 3.686—07 2.775—05
5 1.295—12 7.3914—10 1.1455~08 6.136—07 3.1435—05
6 2.333— 13 2.388—11 1.535—09 2 .636—08 9.151—07 4.078— 05
7 1.109—12 1.1410—3.1 8.597—u. 2.5148—09 14.2514—08 1.272—06
8 7.310—13 9.871—12 3.187—13. 1.601—10 3.888—09 6.14oi—o8
9 8.os8_.l2 2.088—12 6.1418—li 14.181—n 2.709—10 6.195—09
10 5.324—12 3.967—12 1.900—11 1.3014—10 1.1415—11 3.6914—10

v ’/v ” 6 7 8 9 10

0
1
2
3
14
5
6
7 14.703—05
8 1.691—06 5.305—05
9 8.91414—08 2.176—06 5.8814—05
10 9.1491—09 1.191—07 2.729—06 6.1435—05
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TABLE 6

Calculated Einstein Coefficient s (A~ ’~ ii , sec~~~)
for the X — X System of N0~

v ’/v ” 0 1 2 3 14 5

0
1 2.592+01
2 8.912—01 5.019+01
3 6.2n—02 2.569+00 7.273+01
14 7 .272— 03 2 .093—0 1 5.0314+00 9.3140+01
5 1.121—014 4.039—02 14.4o6—oi 8.iho-i-oo 1.12 3+02
6 2.868—05 2.009—03 8.1146—02 7.754—01 1.179+01 1.293+02
7 1.829—014 1.683—03 7.023—03 1.313—01 1.214-4-00 1.590+01
8 1.552—04 1.581—03 3.695—03 1.270—02 1.944—01 1.773+00
9 2.133—03 4.303—014 9.975—03 4.703—03 2.084—02 3.0014_ Ol

10 1.7114—03 1.019—03 3.800—03 1.966—02 1.544—03 2.75 6—02

v ’/v ” 6 7 8 9 10

0
1
2
3
14
5
6
7 1.1447+02
8 2.050+01 1.583+02
9 2.1402÷00 2.558+01 1.702+02
10 14.1463—01 3.100+00 3.108+01 1.8014+02
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TABLE 7

Total Integrated Absorption Coefficient
for NO4 (x 1~+)

—2 —1Absorotion Coefficient, cm ~tm

Temperature First Second Third
( °K) Fundamental Overt one Overt one Overtone Total

100. 168.278 1.1467 0.0146 0.003 169.7914
273.16 168.278 1.1467 0.0146 0.003 169. 794
300. 168.278 1.1467 0.0146 0.003 169.7914
500. 168.276 1.470 0.0146 0.003 169.795
1000. 168.223 1.569 0.050 0.004 169.846
1500. 168.087 1.811 0.061 0.005 169.9614
2000. i6~.886 2.133 0.076 0.007 170.102
2500. 167.631 2.501 0.095 0.009 170.236
3000. 167 .328 2.894 0.118 0.012 170.352
14000. 166.590 3.730 0.172 0.013 170.510
5000. 165.682 14.6o6 0.236 0.026 170.550
8000. 161.637 7.260 0.461 0.057 169.1415
10000. 157.481 8.776 o.6o 14 0.077 166.938
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TABLE 8
++

Low—Lying ~blecular States of NO and Their
Dissociation Limits

Dissociation Limit Molecular States
(Experimental Order )

+ 3  ÷ 4  2 +  ‘4+ 6+N ( p ) + o ( S ) £ (1), E ( i ) ,  ~ ( 1),g U 
2 ‘4 6rgi ),  11( i), rI(1)

3 2 -  ‘4- 2 ÷  ‘4+N ( p ) + o( i’ ) : (2), E (2), z ( i ),  z ( i )U 
2 ‘4 2
11(2), 11(2), ~(i), ~(i)

N~( 1Dg) + o~(
’4s )  ‘4

~
-

(~~), ‘411(1), ‘4~(l)

N~(
3p 

) + o~ ( 2D ) 

2
E
_
(1), ‘4E(l), 

2
E
+
(2) ‘4
:~(2),g U 

2 4 2 4
11(3), 11(3), ~(2), ~(2),
2
~~~1) 

‘4

~~~(~~~~)

+ O( 1Dg) 2
1

_
(1), 2 E+(2) 2fl(3) 2

~ (2 )

+ 1 +~~~~l. 14N ( S
g
)+ O ( S

u
) z ( i )

N~(
3P ) + o

~
( 2

P
~

) 2
E

_
( 2 ), ‘4 :( 2) ,  2:

+
(1) ~~~~~~~~

211(2) ‘411(2 ) ,  2
~ (1) ‘4

~~~(~~~~)

N~(
1
D
g
) + o

~
( 2D

~
) 2

E~~~(3) 2
z
+
(2) 

2
11(4) 

2~ (3)
2
~(2) 

2
~~l)

N
+1
(
2p 

) + ~(
1~ 

) 

2
E
+
(1) 

2
11(1)

N
~
(5S

~
) ÷ o

:
(:s:

) 2
(1), 

~~~~~~~~~~~~ 

6
(l),

8
:
+
(1)

N (~~~~~~~~~
) + o ( P )  : ( 1), z (2) ,  11(3) , ~~~~g 

2
~ (1)

N(’4S
~
) + O~~(

3P
g
) 

2
E
+(1), 14

E
+(1), 6E+(1) 2

11(1)

n(i), n(i)
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TABLE 9

Energies of Nitrogen and Oxygen Ionic States Representing
Dissociation Limits of Low-I~ying NO~ States

Ene~gy Re1a~i~e
Ionic States to N ( P ) + 0 ( S )

(Experimental Order) Total Energy (Hartrees) ~(ey)
Caic.

N~(
3P
g
) + -127.93207 0.000 0.000

N
~~
(
2
P
~
) + O(3P

g
) (_127.2o~r12)

* (19.727)* 1.452

N~(
1D
g) 

+ O
~
(
4
S
~
) -327.85233 2.170 1.899

N~(
3P
g
) + 0

~
(
2
D
~
) -327.79139 3.828 3.32 5

+ o(1D ) (_127.n32)
* (22.283)

* 
3.419

N~(
3’S ) + o’

~
’( ’4s ) -327.76201 4.628 ‘4.052

g U

N~(
3P ) + o~ ( 2 p 

) -327.69747 6.384 5.016
g u

~(
3’D ) + o~(

2D ) -127.70185 6.265 5.223

N~~(
2
P) + 0(

1
3) (~127.o322o)* (24.487)* 5.641

N
:

( SS )  + 0
:
(S) -127.84272 2.431 5.847

N ( 1Dg ) + 0 ( 

~~ 
-127.60793 8.320 7.015 

j

N(
4
S
~
) + O~~(

3P
g
) (_ 127.o9326)

* (22.825)
* 

7.002

non-optdmized cala~1ation
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TABLE 10

Configuration Sizes and Number of States for VCI
Calculations of Various Symmetries for NO~

4

Symmetry No. Cfgs . No~ of States (to
an~1 including
N(~S~~+ 0

*4-(3Pg )
dissociation limit )

20 1

14 14 3,

2~ 102 5

152 5

2~ 276 11

6~ 52 2

14~ 292 10

2~ 1486 20

8E~ 14 1
6~~ 68 3
14 + ,

_

E 360 7 (+ ) ,  7 ( _ )

2 + —
Z ‘ 5814 114 ( 4 .) , io(— )
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